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Abstract 

We propose a solution to the problem of compatibility of Bose-Fermi 
statistics with symmetry transformations implemented by compact quantum 



' synimcl ric groups ,S'„. 



groups of Drinfel'd type. We use unitary transformations to conjugate multi- 
particle symmetry postulates, so as to obtain a twisted realization of the 
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1 Introduction 



Quantum groups |], |], |3| have received much attention in recent years as candi- 
dates for generalized symmetry transformations in physics. Among other applica- 
tions, they look promising in relation to generalized space-timeQ and/or internal 
symmetries in Quantum Field Theory. One way to approach QFT consists first 
in finding a consistent procedure to implement quantum group transformations in 
Quantum Mechanics with a finite number of particles, then to pass to QFT through 
second quantization. Various models describing systems of one particle (see e.g. ref. 
0- H 0; |; 0) or a finite number of distinct particles consistently transforming under 
the action of a quantum group have been constructed so far; as known, the quantum 
group coproduct plays a specific role in extending quantum group transformations 
from one-particle to multi-particle systems. In this article we would like to study 
whether the notions of identical particles and quantum group transformations are 
compatible in quantum mechanics (in first quantization). 

The setting that we have in mind is a quantum mechanical system transforming 
under generalized (symmetry) transformations realized by some *-Hopf algebra H 
(in particular, a *-quantum group [Q). In order that a system of n bosons/fermions 
transforms under the action of H its Hilbert space of states should carry both a 
representation of the symmetric group S n and of H. In the case that the H is 
quantum group, one might expect that this is impossible. 

We recall that in the standard quantum mechanical formalism the elements of 
S n are realized as ordinary permutation operators. On the other hand, in the Hopf 
algebra formalism the action of if on a multiparticle system is defined through the 
coproduct A. Given a representation p of H on a "one-particle" Hilbert space 7i, 
and considering (for simplicity) the case of two particles, the action of H on 7i ® TC 
is defined through (p <g> p) o A. In the case that H is cocommutative {e.g. H = 
U (su(2))), the coproduct takes the form A(Xj) = Xj£g>l + l®Xj on all the generators 
Xi (in the case H = U(su(2)) this expresses the classical addition law of angular 

1 These are symmetries of a proposed non-commutative structure of space-time [|J. 

2 The transformations may correspond to a symmetry either in the sense that they leave the 
dynamics of the particular system under consideration invariant (e.g. rotation symmetry of its 
Hamiltonian), and therefore are associated to conservation laws for the latter; or in the sense that 
they leave the form of the physical description of any system invariant (covariance of the physical 
description), as it happens e.g. with the Poincare transformations in Special Relativity. 
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momentum); therefore the above action preserves the symmetric and antisymmetric 
subspaces (H®7i)± defined by Pi2(H®7i)± = ±(H®H)± respectively (P12 denotes 
the permutation operator). When if is not cocommutative, e.g. it is a quantum 
group, A is no more symmetric under the action of Pu, so that the above action 
mixes (7f ® 7i)+ and (TC <8> Ti)-. Therefore, fermions and bosons in the ordinary 
sense seem impossible, and it is natural to speculate that in the quantum group 
context some new (or "g-" ) statistics is necessary or even that the notion of identical 
particles must be abandoned. 

Even if if is just a slight deformation of a co-commutative Hopf algebra (e.g. an 
ordinary Lie group) a new statistics would result into a drastic discontinuity of the 
number of allowed states of the multi-particle system in the limit of vanishing defor- 
mation parameter (Inq in the H = f/qg-case): in fact, elementary particles cannot 
be "almost identical", they can only be either identical or different. However, such 
a discontinuity appears physically unacceptable if we think of if as a slight mod- 
ification of some experimentally well-established symmetry of elementary particle 
physics. 

A previously suggested "quick fix" of the problem is the naive symmetrization 
of coproducts — this approach will however destroy any true quantum symmetry. 
It is also important to realize that it is not enough to make sense of A (if), A 2 (if ), 
etc. The spaces of multi-particle operators have to be larger than that to be in 
one-to-one correspondence with their classical (symmetrized) counterparts. In the 
if = U q (su(2)) case, for instance, we would like to construct the q-analog of the 
(classically) symmetric operators Aj®Aj, which are not the coproduct of anything. 

In this work we want to show that a solution to the problem is a modification 
of our notions of symmetry and anti-symmetry associated to bosons and fermions. 
The point is that ordinary permutations are not the only possible realization of 
elements of the abstract group S n ; an alternative one can be obtained by applying 
some unitary transformation fi2... n to the permutators (see section ^). The question 
(see section |J) is therefore whether for any number of particles n there exists some 
fi2...n (the "twist") such that the corresponding realization of S n is compatible with 
the action of if. Due to some theorems by Drinfel'd, this turns out to be the case 
at least if if = U q g 0, |, | is one of the standard quantum groups associated to 
the compact^ simple Lie algebras g of the classical series — the case of U q su(2) will 
3 For Uq(g) this requires q € R. To study the problem in the case of q on the unit circle the 
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be studied in some detail in section |5] — or if if is a triangular Hopf algebra arising 



from the quantization of a solution of the classical Yang-Baxter equation 11, [12 



or from a twist of type [13] as e.g. studied in H|q The precise criterion is that H 



must be the twist of a co-commutative (quasi-)Hopf algebra [jig] ; in either case we 
also need the existence of a *-conjugation. 

In the case where if is a quasi-triangular Hopf algebra one might have expected 
to see anyons arise as a consequence of the braid group character of 1Z; however, in 
our formulation this does not happen: The statistics parameter is not modified — 
bosons stay bosonsf], fermions stay fermions, and anyons (though not studied ex- 
plicitly) stay anyons. The extreme case of q = — 1 is especially instructive in this 
context |]| [2(J . 

Let us ask now how in the context of identical particles the existence of quan- 
tum group symmetries of the above kind could manifest itself experimentally: The 
dynamical evolution of a system of n identical particles will contain new physics 
only if we adopt an Hamiltonian which is natural to the twisted picture. One can 
always obtain a Hamiltonian consistent with twisted symmetrization postulates by 
a unitary transformation (through i*i2...n) on a Hamiltonian corresponding to some 
undeformed model, however, such a Hamiltonian will in general be of a very com- 
plicated, i.e. unnatural form. In section ^ we will analyze a scattering experiment 
to see how the twist will manifest itself in the transformation of the initial and final 
data (which is essentially the tensor product of one-particle states) into the equiva- 
lent twisted (anti-) symmetrized states upon which the evolution operator describing 
the scattering acts. The F\2... n can again be absorbed in a redefined Hamiltonian, so 
that an experiment cannot decide whether we are in the twisted picture or not. (It 
is just a change of base.) We can only tell what picture is more natural. The main 
message is then that the twisted picture can be consistently introduced. (Contrary 
to expectation, there are no problems with statistics.) The twisted picture may lead 
to the development of models that one would probably not think of otherwise. One 
would expect to see direct consequences of the twists only in particle creation and 
annihilation processes; this however belongs to the realm of quantum field theory 
and will be treated elsewhere. 



reader should consult JUj for the structure of weak quasi-Hopf algebras. 
4 Twisted coproducts are here interpreted as clustered 2-particle states. 

5 See jl7j |l8) and the extended list of references therein for a discussion of this point in the 
context of g-deformed oscillators. 
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For readers not familiar with the notion of Hopf algebras, we give a very brief 
introduction to the subject in section 

After completion of this work we became aware of the very interesting paper 
in Ref. pi] , which gives a quantization scheme for fields transforming covariantly 
under SU q (N). In a future work we will compare our results with the ones therein 
while considering the issue of second quantization. 

2 Twisted Multi-Particle Description 

Let us forget the issue of quantum symmetry and hence the coproduct for the 
moment, and just consider pure quantum mechanics for identical particles. Consider 
a one-particle system, denote by TC the Hilbert space of its states, and by A the 
*-algebra of observables acting on 7i. n-particle states and n-particle operators will 
live in as yet to be determined subspaces of 7i® n and A® n respectively. 

Let us consider states of two identical particles. The corresponding state vector 
will be some element of the tensor product of two copies of the one-particle 
Hilbert space Ti. Let P\ 2 be the permutation operator on 7i <g> 7i: P 12 (|a) ® \b)) = 
\b) ® | a). (In the sequel we will also use the symbol r to denote the abstract 
permutation map of two tensor factors, r(a <8> b) = b Cg> a.) The fact that we are 
dealing with identical particles manifests itself in the properties of state vectors 
under permutation: 

Pi 2 |V> {2) > = e*lV (2) >, (2-1) 

where v = for Bose-statistics and v = n for Fermi-statistics. For the corresponding 
expectation value of an arbitrary operator O G A <S> A we then find 

<V; {2) W (2) > = {^ 2) \P 12 OP l2 \^) (2.2) 

because the phases e~ lv and e %v from the bra and the ket cancel. This means that 
the operators O and r(0) = Pi 2 OPi 2 are members of the same equivalence class as 
far as expectation values go. One particular representative of each such equivalence 
class is the symmetrized operator 

±(0 + T(0))e(A®A)+. (2.3) 

It plays a special role because it preserves the two-particle Hilbert spaces for any 
statistic Q2.ip, as we will recall below. We can hence avoid redundant operators by 
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restricting A ® A to the sub-algebra 

(A®A)+ := {a G A® A : [Pn,a] = 0} (2.4) 

(note that [Pi2,a] = r(a) = a). In this article we will show how to find an 
analog of (A® A)+ compatible with quantum group transformations. 

We summarize the relevant equations characterizing a system of two bosons or 
fermions: 

Pia|u)± = ±|u)± for \u)±e{H®H)± (2.5) 

a : {H®H)± -> (H®H)± ioi ae{A®A)+ (2.6) 

* 2 : {A® A) + ^ {A® A)+, where * 2 = *®*- (2.7) 



Equation (|2.5| ) defines bosonic (+) and fermionic (— ) states as in fl2Jj ). Equa- 
tion ( |2.6j ) follows from [P 12 , (^4 <g> .4.)+] = and shows that symmetrized operators 
transform boson states into bosons states and fermion states into fermion states. 

Similar statements as given here for two particles obviously apply also to states 
of 3 and more identical particles and to other statistics (anyons). 

Can one also describe in a non-standard way the system of n identical particles, 
using what we know for one particle, so that the description is perfectly consistent 
from the physical viewpoint? Let us concentrate on two-particle systems for the 
moment: 

For a unitary and in general not symmetric operator F 12 G A ® A, F^ 2 = F^ 2 
where * 2 = * ® *, we define 

(H®H)2 2 := F 12 (H®H)± (2.8) 
Pff := F 12 P 12 F{ 2 1 (2.9) 
(A®A) Fl2 := F 12 (A®A)+F{ 2 1 (2.10) 

where (^4 ® A)+ is as given above. We then find in complete analogy to equations 
dp 



p§ *\u)± = ±\u)± for \u)± G (H ® H)i 12 (2.11) 

a: [U® H)i 12 ^(H® H)i 12 for ae(A® A) F + 12 (2.12) 

* 2 : (A ® A) F + 12 ^(A® A) F + 12 (2.13) 

and a Fl2 := Fi 2 aF{ 2 is hermitean iff a is. Equation fl2.12|) follows from 

[P[i 2 ,(A®A) F + ^ 2 } = 0. (2.14) 
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In general, (7i®Ti,)± 12 will not be (anti-) symmetric, nor will (A®A)+ 12 be symmet- 
ric. Can we still interpret {7i®7i)^ 2 as the Hilbert space of states of the system of 
two bosons or fermions of equal type and (A®A)+ 12 as the corresponding *-algebra 
of observables? We can. In fact, we have just conjugated the standard description 
of the 2-particle system through F 12 into a unitary equivalent one. (This agrees with 



the general viewpoint put forward in |22| , |23| . See also next section for a discussion 
from the physical point of view.) 

Obviously the idea of conjugation can be generalized to a system of n identical 
particles: Let F 12 ... n G A® n be unitary, i.e. (F 12 ... n )* n = (-^...n) -1 , where * n := *® n , 
and define 

(H ® . . . <g> H)l 12 -" := F 12 .„ n {H® ...®H) ± (2.15) 
pg*-« .= F 12 ... n P 12 (F l2 ... n )- 1 (2.16) 

Fn-i,n := Fi2... n Pn-l,n{Fi2...n) 1 (2-17) 

{A® . . . ® A)l 12 - n := F 12 ... n (A® ...®^)+(F 12 ...n) _1 (2.18) 

where 

(A ® ... <8> A)+ := {a G A ® . . . ® A : [Pu+i, a] = 0, i = 1, . . . n - 1}, 

and Pi t i+i is the permutator of the i th , (i + l) th tensor factors. Then 

P^i n \u)± = ±\u) ± for |u)± G (W® ... ®H)2 2 - n (2.19) 

a : (H ® . . . ® ft)£ 12 -" -> (ft ® . . . ® ft)£ 12 -" (2.20) 

for a G (.4. ® . . . ® ^)^ 12 -" (2.21) 

* n : (.A ® . . . ® A) F + 12 - n -^{A®...® A)l 12 - n . (2.22) 



Equation ( |2.20 ) follows from 

[P5tr,(A®...®A)l 12 -] = 0. (2.23) 



Note that in eqs. ( |2.19| ) to ( |2.23| ) the twist F 12 n does not explicitly appear any 
more; these equations give an intrinsic characterization of the twisted multi-particle 
description, involving only the operators P/^+f™. 

By construction Pfl+i™ is hermitean, its square is the identity and (conse- 
quently) has only eigenvalues ±1; moreover, the degeneracy of these eigenvalues 
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is the same as in the untwisted case. The operators Pfi+i n give a realization of 
the group S n of permutation of n objects, because they satisfy the same algebraic 
relations as the ordinary permutators P^i+i, correspondingly, (A® . . . ® *4.)+ 12 "-™, 
(Tt ® . . . Cg) H)± 12 - n carries irreducible representations of S n . Viceversa, one could 
easily prove that, given operators satisfying these conditions, one can find a unitary 
F\2...n such that equations (|2.15|) to (|2.18|) hold. 

It will turn out that, even though the twists which are relevant for the quantum 
symmetry issue are very hard to compute, the Pfl+i n are much less so; see section [5]. 
Remark: If we replace the nilpotent Pyi by some braid group generator one could 
also conjugacy transform anyons. 



3 Identical Versus Distinct Particles 

In some situations particles of the same kind can be equivalently treated as identical 
or distinct, and there exists a precise correspondence between these two descriptions. 
The twist F directly enters the rule governing this correspondence while in the 
twisted postulates (|2.19|) to (|2.23|) (intrinsic formulation) it appears only hidden in 
the P F (together with its inverse). Transforming one kind of description into the 
other one is often needed for practical purposes, as we illustrate by the following 
example. 

Consider a gedanken experiment of a scattering of two identical particles. One 
can distinguish three stages. In the initial stage, the two particles are far apart and 
are assumed to be prepared in two separate one-particle normalized states |t/>i), 
with vanishing overlap. In the intermediate stage, the particles approach each other 
and scatter. In the final stage, long after the collision, the particles are again far 
apart and are detected by one-particle detectors. In the initial and final stage we 
perform essentially one-particle preparations/measurements, i.e. we have the choice 
to treat the particles as distinct, whereas in the intermediate stage the collision is 
correctly described only if we apply a symmetric evolution operator to a properly 
(anti-)symmetrized two-particle state, that is, if we treat the two particles as iden- 
tical. The existence of two equivalent descriptions ( "distinct" versus "identical" ) of 
the two-particle system in the initial and final stages and the correspondence rule 
that relates the two is an essential ingredient of the standard quantum-mechanical 
formalism. 
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In this section we want to determine how the conditions for the existence of two 
equivalent descriptions ("distinct" and "identical") and the correspondence rule 
between the latter are modified in the twisted formalism. As a by-product, we will 
realize that closed systems can still be described consistently: If we e.g. want to 
describe a system of identical particles in our lab we are essentially allowed to forget 
about the existence of other particles of the same kind in the universe. 

Let us consider two-particle scattering again: Let initial states \i^ 2 ) range 
on some orthogonal subspaces 7ii,7i 2 of the whole Hilbert space.f] 

(1) We can treat the two particles as distinct particles described by the state 

Hd) := M ® M e Wi® H 2 . (3.1) 

A measurement process is described via a two-particle observable 0\ (g) 2 , 
Oi : Tii — > Tii] the probability amplitude to find the two-particle system 
in a state \ip' d ) := (g) i s (^dWd) = (^2 1 ^2) ("01 1 "0i)- This amounts 
respectively to measuring 0\ on the first and O2 on the second, and to the 
probability amplitude to find particle 1 in state and particle 2 in state 
\i/j 2 )- I n particular, setting O2 = id, \ip' 2 ) — I ^2) means that we neglect the 
information that we have on the second particle, i.e. we ignore its existence. 

(2) We can treat them as identical particles forming a two-particle system and 
describe the latter by the twisted (anti) symmetrized state 

M = P s/ 2 Md) := t| (|^> ® 1^2) ± IV2) ® € (H ® H)^ (3.2) 

of bosons (+) or fermions (— ). The measurement process of (1) is now de- 
scribed by acting on through the twisted symmetrized two-particle ob- 
servable F n (Oi <g> 2 + 2 ® d) F^ 1 e(A® A)l 12 . 

Description (2) is perfectly equivalent to (1) because the mapping (1)— >(2) preserves 
scalar products between states (i.e. probability amplitudes: (ip'\ip) = (V'dlV'd) = 
(tfj'^ip 1) (ip 2^2)) and spectra of the observables (i.e. results of measurements). 

For the dynamical evolution, including the collision, it is necessary to use de- 
scription (2), which involves in an essential way the quantum statistics. Never- 
theless, if for later times the state \tp)(t) becomes a combination of states of the 

6 More generally, if the preparation were uncomplete, we would assume that particle 1,2 is in a 
mixture of states of Hi, Hi respectively. 
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form 



M(0 = E 




(3.3) 



where \i) G 7"^, \j) € 7i 2! and 7-^, H' 2 are orthogonal subspaces of Ti (describing 
e.g. the states of the particle in detectors 1,2 respectively) then description (1) can 
be implemented again: we can apply F^ 1 and drop the (anti-)symmetrization to 
get the state 



which will give the final correlation between the potential measurements in the two 
detectors. 

The case of more than two particles can be treated in analogy to the case of 
two particles. Now however we will want to split the collection of particles into 
two (or more) subsystems instead of into single particles. If there is negligeable 
overlap between subsystems we are again not forced to treat all particles as identical 
particles; we can describe particles belonging to different subsystems as distinct, but 
we still have to twist (anti-) symmetrize each subsystem. 

If we look at the dynamical evolution, then the same considerations as in the 
case of two particles will apply. In particular as long as the interaction (of any 
kind) between a subsystems and the remaining particles is negligeable then we have 
the choice to consider one subsystem as isolated (implying that we forget the other 
particles) or of treating all particles as identical. 

These considerations hold also when the total number of particles of one kind is 
very large (virtually infinite) compared to the number in one subsystem. Take this 
subsystem to be our laboratory and we see that as in the standard formulation, to 
compute any concrete prediction we can but we don't have to consider all particles 
of the given type present in the universe at the same time [description "identical"], 
namely we may ignore the ones "outside our laboratory" [description "distinct"]. 
In principle however we could apply the postulates of identical particles, through 
description "identical", to all particles of the same type in the universe, without 
finding inconsistent predictions. In other words, the twisted postulates of Quantum 
Mechanics for identical particles are completely general and self-consistent. 



(3.4) 
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4 Quantum Symmetries 



While their introduction was shown to be consistent, there was so far no need for 
the Fi2... n . Now we take the issue of quantum group symmetries into consideration. 

The picture we have in mind is that of a multi-particle quantum mechanical 
model (consisting of identical particles) on which we would like to implement gen- 
eralized (symmetry) transformations through the action of a generic Hopf algebra 
H.f\ As given data we take the constituent one-particle system, governed by a *- 
algebra A of operators that act on a Hilbert space 7i, a *-Hopf algebra H with 
coproduct A, counit e, antipode S and complex conjugation *, and a unitary real- 
ization p of H in A. 

The key idea that leads to a construction of multi-particle systems that con- 
sistently transform under Hopf algebra actions is that properties of the coproduct 
should have to do with (twisted) (anti-)symmetry of states and operators. We will 
find that coproducts should be considered as being (twisted) symmetric — even when 
we are dealing with non-cocommutative Hopf algebras as symmetries. 

Let us start by recalling what it means that a one-particle system transforms 
under the action of H. 

4.1 One-Particle Transformations 

To begin, we need a representation p of H on 7i which realizes H in A'^\ 



the map p is linear and an algebra homomorphism p(xy) = p(x)p(y)] p(l#) = 1a 
is the identity operator on 7i. It is called a unitary representation if in addition 



(For a representation that is not unitary we would find in contrast p(x)* = p v (x*), 

where p v is the complex conjugate of the contragredient representation. For a 

matrix representation: {T y ) l j = S(T^i) = (T" 1 )^. ) 

7 Later we will concentrate on the case of a twisted image of a cocommutative (quasi-) Hopf 
algebra; e.g. U q (g). 

8 A given algebra of operators might first have to be extended for this scope. 



p : H 



A: 



(4.1) 




(4.2) 
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Let x G H, O G A and G Tt- The actions of x on the one-particle states \ip) 
and and 0\ip) are given via p 

x>|V) = (4.3) 
ar>(0|^)) = p(x)C|V), (4.4) 

while on the other hand the action of x on the product 0\ip) (that is, on an element 
of the bigger if-module containing both A and Tt) should be computed with the 
coproduct A, i.e. 

x>(Om = (x {1) >0)(x (2) >m. (4.5) 

Here and in the sequel we will use Sweedler's notation A(x) = xm ® X( 2 ) for the 
coproduct (in the RHS a sum J2i x \i) ® x \2) °f many terms is implicitly understood); 
similarly, A( n-1 )(a;) = xm ® ■ • • ® iC(n) for the (n — l)-fold coproduct in Sweedler's 
notation. As known, it follows that the action of H on the one-particle operator O 
is given by^ 

x>0 = p(x($)0 p(Sx(2)), xeH,OeA. (4.6) 

As a concrete example, the reader may think of the case of quantum mechanics in 
ordinary three-dimensional space with transformations consisting of ordinary rota- 
tions; in that case H is the (undeformed) universal enveloping algebra U(su(2)) of 
the (covering of the) Lie group £0(3). p maps elements of U(su(2)) into operators 
acting on Tt, out of which we can single out unitary operators "Z7" realizing finite 
rotations (i.e. elements of SO (3)), as well as hermitean ones "x" realizing infinites- 
imal rotations (i.e. elements of su(2)) and generating the whole algebra; in these 
two cases the action (|4.6f) reduces respectively to conjugation UOU^ 1 and to taking 
the commutator [ix, O] . A rotation symmetry of the Hamiltonian usually turns ele- 
ments of p(U(su(2)) (e.g. angular momentum components) into useful observables 
for studying the dynamics of the system. 

4.1.1 Unitary Transformations 

Hermitean conjugation turns an element of Tt, a "ket", into a "bra" which lives in 
Tt* and transforms under the contragredient representation. This picture should 
be preserved under transformations. As we know, in the classical case only unitary 
and — in the infinitesimal case — anti-hermitean transformation operators have the 

9 See however the remark on page O. 
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required property. In the general Hopf algebra case the required property is S(x) = 
x*; we will call such elements of H quantum unitary. We stress the point that there 
are two notions of unitarity which should not be confused: that of a representation, 
and that of a transformation. Quantum unitary elements also leave the *-structure 



of A invariant |[24|| . The condition for an element u G H to satisfy 

{ut>0)* = u>0* VOeA 

is again 



(4.7) 



u* = S(u) (quantum unitary operator). (4.8) 
This is seen as follows: ^-conjugating both sides of equation (|4.6|) we find a condition 

p(Su {2) )* ® p{u {1) )* = p(u (1) ) ® p(Su {2) ), (4.9) 



or, using that p is a unitary representation, 

(SU {2 ))* ® («(!))* = ® S«(2)- 



(4.10) 



Taking the counit (e®id) of this equation gives condition (|4.8| ). A straightforward 
calculation that uses again unitarity of the representation p and standard facts 
about *-Hopf algebras, like * o S = S" 1 o * shows that condition (|4.8|) is in fact 
sufficient for (|4.7|) . 

Remark: There exist pathological Hopf algebras (e.g. with to A = (id®S 2 )A) 
that are not *-Hopf algebras but still allow unitary transformations in a non- 
standard way. 



4.2 Multi-Particle Transformations 

To implement symmetry transformations (the action of H) on multi-particle systems 
one makes use of the coproduct of H, which enters the game in two essentially 
different ways. 

First, the coproduct is needed to extend the action of H from one-particle states 
to n-particle states in a way that preserves the twisted (anti)-symmetry of identical 
particle states. This will constrain the choice of F in section ^], and consequently also 
the twisted symmetry of operators, according to formula ( |2.18| ). On the other hand, 
the coproduct also enters the action of H on single and multiparticle operators 
[see formula (|4.6|) for the one-particle case] ; if the particles are identical this action 
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should again preserve the twisted symmetry of the operators. It turns out that both 
consistency requirements can be simultaneously satisfied through an appropriate 
choice of the F's. 

4.2.1 Transformation of States 

We have so far required that TL be a * if-module, i.e. that it carries a * represen- 
tation of H . The main task in constructing Hilbert spaces for identical particles is 
then to find an operation of twist (anti-) symmetrization that is compatible with 
the action of H, i. e. compatible with the quantum symmetry transformations. The 
action of H on a multi-particle Hilbert space is given once p^ is known. A repre- 
sentation p on the 1-particle Hilbert space extends to a unitary representation on 
the n-particle Hilbert space via the (n — l)-fold coproduct of H: 

p{n) _ p®n Q ^(n-1) . jj _^ J®n . <ft®n _^ (4-11) 

If p is unitary then so is p^ n \ p^(x)* n = p( n \x*), because (* (g> *) o A = A o *. 
Let x e H and |^ (n) ) G H® n , then 

x>\^) = p (n \x)\^) = p(x {1) ) ® . . . ®p(x (n) )\^). (4.12) 

As always we will first consider the case of two particles. Similar considerations 
will apply to the case of n > 3 particles. Let P 12 be the permutation operator on 

n®n. 

Symmetric coproduct In the case of a co- commutative (i.e. symmetric under 
permutation) coproduct we have 

P 12 ((p ® p)A c (x)) = ((p ® p) A c (x)) P 12 

and hence 

P l2 (xt>\^}) = xt>(P 12 \^}). 

This fact allows us to define symmetrizers P$ = \(I + Pi 2 ) and anti-symmetrizers 
Pa — P12) that commute with the action of x, and (anti-) symmetrized Hilbert 
spaces 

P S {H®H) = {H®H)+, (4.13) 
P A (H®H) = (H <S> H)-, (4.14) 
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that are invariant under the action of x. This happens for instance if H = /7(g), 
g =Lie(G). Then /7(g) is generated by primitive elements X; with coproduct 

A (n) (X) = A^(^) = X 4 <g> 1 <8> . . . ® 1 + . . . + 1 ® . . . <g> X 4 ; (4.15) 

A( n )(X;) is invariant under permutations and we can set F\2... n — 1 <8> • • • <£> 1- 

Deformed coproduct If the coproduct is noi co- commutative, as it happens for 
a generic Hopf algebra, then the problem arises that the action of H on {H <S> 7Y) 
will no more preserve the subspaces (H ® 7i)±. While we should not change the 
form of the coproduct (it is at the very heart of quantum groups and tells us how to 
act on tensor products) we may however modify our notion of symmetric operators 
and (anti-) symmetrized Hilbert spaces. We can require that 

p {n \H) c ( A® . . .®Af + 12 - n (4.16) 
n-times 

for some -F 12 ... n , so that the system of n identical particles carries a ^-representation 
of H as well. This is certainly satisfied if 

p^\X) = F l2 .. n pf\X)F^ (4.17) 



where 

p {n) ._ p ®n Q A (n-1) and ^ 

is a co-commutative coproduct. Equation ( [4.17D 
has to be read condition on both A c and F\2.. n . 

If H = U q g 0, |, ||, where g is the Lie algebra of one of the simple Lie groups 
of the classical series, the following theorem due to Drinfel'd and Kohno will be our 
guidance to the correct choice of the F's we need to satisfy equations (|4.16|) and 

(E3): 



Drinfel'd Proposition 3.16 in Ref. QT 

1. There exists an algebra isomorphism cf) : U q g <-> (Z7g)([[/i]]) ; where h = Inq is 
the deformation parameter. 

2. If we identify the isomorphic elements ofU q g and (Ug)([[h]}) then there exists 
an T G U q g ® U q g such that: 

A(a) = TA c {a)T-\ Va e U q g = (Ug)([[h]}) (4-18) 

where A is the coproduct of U q g and A c is the (co-commutative) coproduct of 
U(g)- 
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3. (£/g)([[/i]]) is a quasi-triangular quasi-Hopf algebra (QTQHA) with univer- 
sal 1Z<$> = q 1 ! 2 and a quasi-coassociative structure given by an element $ e 
((Ug)® 3 ([[h]\)) that is expressible in terms of T . (£/g)([[/i]]) as QTQHA can 
be transformed via the twist by T into the quasi-triangular Hopf algebra U q g; 
in particular, the universal 1Z ofU q g is given by 1Z = JF 21 7?.$JF _1 . 

Here (Z7g) ([[^]]) denotes the algebra of formal power series in the elements of a basis 
of g, with coefficients being entire functions of h; (Ug)([[h]])\ h=0 = Ug. Point 1) 
essentially says that it is possible to find /i-dependent functions of the generators 
of Ug which satisfy the algebra relations of the Drinfel'd-Jimbo generators of U q g 
and vice versa. 

We recall here that the quasi-triangular Hopf algebras U q g can be obtained 
as quantizations of Poisson-Lie groups associated with solutions of the modified 
classical Yang-Baxter equations (MCYBE) corresponding to g. 

If the Hopf algebra H can be obtained as the quantization of a Poisson-Lie 
group associated with a solution of the classical Yang-Baxter equation (CYBE) 
corresponding to some g,0 then another (and chronologically preceding) theorem 
by Drinfel'd |TT| states the existence of a different T with similar properties as in the 



previous theorem — except that now it is enough to twist (£/g)([[/i]]) equipped with 
the ordinary coassociative structure in order to obtain H . The quasi-coassociative 
structure <3> and the quasi-triangular structure 1Z<$> of point 3) in the theorem reduce 
to $ = 1 <E> 1 <8> 1, 1Z§ — 1 ® 1 ; the universal 1Z is given by 1Z = X ■ A simple 



introduction to these topics can be found for instance in Ref. (T2| . 

As shown in Ref. [p5[] , one can always choose a unitary J 7 , if if is a compact 
section of U q (g) (i.e. when q G R). If the T one starts with is not unitary, when 
one simply multiplies it with the invariant (!) tensor (JF*JF) -1 / 2 to obtain a new T 
that is unitary. 

These theorems suggest that one can use the unitary twisting operator JF to 
build F12 for a 2-particle sytem. For example: 

1. If A = p(U q g), then we choose 

F = p m {F). 
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In this case H is is triangular, i.e. Tl2iR-\2 = 1 



15 



2. If A = classical Heisenberg algebra (g>{7 s P m (sM(2)) £g> p(U q g), were U q g plays 
the role of an internal symmetry, then we can set 



3. If A is the q-deformed Poincare algebra of ref. H, I2BJ, and H is the corre 



sponding q-deformed Lorentz Hopf algebra, realized through p in A, then we 
can again define 

F 12 = p m (F), 

where T belongs to the homogeneous part. The same applies for other inho- 
mogeneous algebras, like the q-Euclidean ones, constructed from the braided 
semi-direct product p6| of a quantum space and of the corresponding homo- 



geneous quantum group. For both of these examples the one-particle repre- 
sentation theory is known || U . 

For n-particle systems one can set -F 12 ... n = p® n (J~i2...n)i where now we should 
choose one particular element Tyi... n of H® n satisfying the condition 

A(x) = Fi2...rAc(x)(Fvz... n )- x - (4.19) 

To obtain one such T\i... n it is enough to act on eq. ( |4.18| ) (n — 2) times with the 
coproduct in some arbitrary order. When n = 3, for instance, one can use either 
JF' 12 3 := [(A eg) id) (J 7 )]^ 12 or T'[ 2Z := [(id® A)(J r )]jF 23 . These two elements coincide 
in the case previously mentioned of Hopf algebras associated to solutions of the 
CYBE, as proved by Drinfeld [JTTJ] . In the the case of U q g, they do not coincide, but 
nevertheless $ := T'^z (•^m) -1 7^ 1 <S> 1 <8> 1 commutes with A^(H). In section 
(0) we will show (in the U q (su(2)) case) how to find a continuous family of JF 12 3 
interpolating between JF' 123 and T'^j, ■ 

Note: From ( gig ) follows (r o A) (a) = A^A(a)A^ _1 with M := T 21 T~ X . This 
is not the usual relation (r o A) (a) = TZA(a)7l~ 1 of a quasi-triangular Hopf alge- 



bra; the latter is rather obtained by rewriting equation (|4.18|) in the form A (a) = 
J r q t/2 A c (a)q' t/2 J : " 1 where t = A C (C C ) - 1 <g> C c - C c ® 1 is the invariant tensor 
([£, A c (a)] =0 V a G Ug) corresponding to the Killing metric, and C c is the 
quadratic casimir of Ug. A4, unlike 71, has not nice properties under the coprod- 
ucts A <g> id, id <g) A. The reader might wonder whether we could use equation 
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[P 12 R, {A ® A)+] = (where R = p m {K)), instead of eq. ( g3g) , to single out a 



modified symmetric algebra (^4®^4)' + C -4(8>.A; in fact, the former is also an equation 
fulfilled by p® 2 (A(H)) and reduces to the classical eq. ( |2.4|) in the limit q — > 1. How- 
ever [Pi2#, (y4® ^4)' + ] = is fulfilled on/?/ by the sub-algebra p® 2 (A(H)) C (.4® .4) 
itself, essentially because q t ^ 2 does not commute with all symmetric operators, but 
only with the ones corresponding to coproducts. Therefore, (A <S> A)' + defined via 
PnR (instead of Py} 2 ) is not big enough to be in one-to-one correspondence with 
the classical (A® A)+, i.e. is not suitable for our purposes. 

Explicit universal JF's for U q g are not given in the literature, up to our knowl- 
edge; an explicit universal T for a family of deformations (which include quantiza- 
tions of solutions of both of a CYBE and of a MCBYE) of the Heisenberg group in 



one dimension was given in Ref. f27 |. 



However, for most practical purposes one has to deal with representations F of 
T . A general method for constructing the matrices F acting on tensor products 
of two arbitrary irreducible representations of compact sections of U q g is presented 



in Ref. |22[] — there explicit formulas are given for the A, B, C, -D-series in the fun- 
damental representation. In |28| matrices twisting the classical coproduct into the 
g-deformed one were constructed from g-Clebsch-Gordan coefficients. 

Moreover, in the intrinsic formulation of the twisted (anti-)symmetrization pos- 
tulates [eqs. Q2.19Q - (|2.23|) 1 one only needs the twisted permutators Py}. 2 :n n ( n °t the 
F\2...n themselves); explicit universal expressions for the latter can be found much 
more easily, as we show in section [5] for P[J 2 in the case H = U q (su(2)). 

We conclude that the quantum symmetry is compatible with identical particle 
states in the twisted multi-particle description. 

4.2.2 Transformation of Operators 

Now we want to see if a consistent transformation of the twisted-symmetric opera- 
tors can be defined. 



As we have seen in section f4.1| , the action on one-particle operators which makes 
eq. ( f4.5|) consistent with eq. (|4.4j ) looks formally like the quantum adjoint action. 
A subtle but important change in the definition of the action on multi-particle 
operators is needed in order to reach the same goal for multi-particle systems. Our 
task in this section is twofold: first we have to find the right action of the Hopf 
algebra H for tensor products of A, then we have to show that the definition of 
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"twist symmetric" operators (associated to identical particles) is stable under this 
action. As before, we assume that p is a unitary representation that realizes the 
Hopf algebra H of transformations in A. 

Let C (n) e A® n (or a properly symmetrized subspace), \tp n ) G 'H® n (or a prop- 
erly (anti) symmetrized subspace); we require, as in the one-particle case, 

(l(l)>0 (B) )(l(2) > |Vn» = Z> (0 (ft) |V>n» = P (n) (»)0 (n) |^n). (4.20) 

Recalling eq. Q4.12| ) it is easy to see that to satisfy this goal the action ( O ) has to 
generalize to multi-particle operators in the following way: 

xiOto = pW(x {1) )OWpW(Sx i2) ) 

= p® n {x {1) ® . . . ® z (n) ) p 0ri (5x (2ri) ® . . . ® 5x (n+1) ). 

Remark: In the case that (9 = with y a H the action on one-particle operators 

ad 

is nothing but the adjoint action x t> y = xmyS(x( 2 ))- The action on multi-particle 
operators is however different: For instance in the case that (2) = (p®p){y i ®y i ) 
with y { ® y' 1 e H ® H we get 

x> (yi ® y l ) = x^ytSx^ ® x^y l Sx^ 

and not 

a; > (j/i ® ?/ J ) = ac(i) a > j/i ® x (2 ) > y l = x {1) yiSx {2 ) ® ^(3) 2/* ^ (4) 

as one might have expected. Both actions "t> " and " > " coincide for co-commutative 
coproducts. The former action treats multi-particle operators as tensor products 
of if-modules, the latter action is related to the natural Hopf algebra structure 
on A(H) that is given in Sweedler's book Briefly, Sweedler's argument is the 
following. For any given number n, A( n_1 )(i7) can be viewed as a Hopf algebra 
with a natural coproduct. Now formula (|4.6|) is applicable for any n — we just have 
to take care to use the natural Hopf algebra structure for each of the A( n-1 )(i/).[^] 
The notion of unitary multi-particle transformations generalizes to n particles 
in an obvious way, 

( u > o {n) y = u> (o {n) y vc (n) e a (4.22) 

and again is satisfied if u* = S(u). 

We now want to show that the transformation we have found is compatible with 
the symmetrization of operators in the twisted multi-particle description. 

11 The action ">" was also used in Ref. [Eel to define covariance properties of tensors in H® n 
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Symmetric coproduct First consider the co-commutative case. Let 



A)+ = {a eA< 



A : [Pi.i+i, a] = 0, i = 1, . . . n - 1} 



be the completely symmetrized space of n-particle operators. In the case of a co- 
commutative i.e. symmetric coproduct A c any of the permutation operators P^i+i 
will commute with the action ( 14.211) : 



P; 



[X> 



p M+1 , p^^a^ 1 )^))) ow p ^(a^ 1 )(5 c x c(2) ; 

x> [-Pj,j+i , 0^], for A c cocommutative . 



(4.23) 



Here x c (i) (g) x c ( 2 ) = A c (x) and S c is the cocommutative antipode. 



Deformed coproduct Let Tn... n G if (g,n be as in equation ( 4.19Q namely such 
that A ( - n-1 )(x) = J r i2...n^c~ 1 \x)3 z i2...rT l for all x G H. As in the previous section 
we will use its representation -F 12 ...„ = p® n {Fi2... n ) for the similarity transformation 
of section |2|. We note that relation ( |4.23| ) also holds with x c (i) ®x c ( 2 ) and S c replaced 
by the non-cocomutative xm ® x< 2 ) = A (a;) and the corresponding antipode S: 



P i4+1 , p^iA^Kx^)) 0™ p® n (A^(Sx (2) )) 
- p^(A("- 1 )(x (1) ))[P M+1 , 0W]p^(A("- 1 )(5x (2) )). 



(4.24) 



Conjugating this relation by Fu...n we easily find the non-cocommutative analog of 
equation ([123]), because p^(x) = p^A^^x)) = F l2 ... n p® n (A^ l ' l \x))F{ 2 \ n . 



> C (n) )l = x > " , Vx G F. 



Consequently, since the LHS vanishes if the RHS does: 



H : (A< 



A) 



Fl2...n 



(A' 



A) 



Fl2... n 

+ 



(4.25) 



(4.26) 



The quantum symmetry is hence compatible with identical particle operators in 
the twisted multi-particle description. 



Remark: The transformation ( 4.21 ) is not the only one compatible with the twisted 
symmetrization. The important point is that the transformation must be based 
on p^ n \x) = p'^ n (A^ n ~ 1 \x)). The ordinary commutator [p^ n \x) , also leaves 

^®n^Fi2...„ j nvar i an ^ simply because p^ n \x) G («4® n )+ 12 "-". These two transforma- 
tions usually coincide in ordinary quantum mechanics. Here they have different 
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interpretations: Let h C H be a sub-algebra of H. The operator 0^ n \ n > 1, is 
symmetric (i.e. invariant) under the transformations generated by a; G /i if 

:r>0 (n) = {n) e(x)- 



it may be simultaneously diagonalizable with elements in h if 

\p<ri(x), {n) ] = 0. 

The two properties coincide if A(h) C h® H . This can be seen as follows: 

p {n \x)0^ n ) ( = 2) x>{0^ n )) 
(x ( i)>0 (n) )(i (2 )>|i)) ® e(x (1) )C»W(x (2) >|^)) 

= oW(^>IV>«)) = o (n V n) (x)|^ n ) 



(4.27) 



(4.28) 



(M 



(4.29) 



for any \ip n ) G T^®" - , so that eq. ( |4.27| ) implies eq ( |4.28[ ) ; in the same way one proves 
the converse. The physical relevance of this case is self-evident: if both O^ 71 ' and 
x) are hermitean, then they can be diagonalized simultaneously; if one of the 



P 



(®n). 



two, say p^^x), is not hermitean, given an eig envector \ip n ) of {n \ p^(x)\ip n ) 
will be another belonging to the same eigenvalue. 



5 Explicit Example: H = U q {su{2)) 

We consider as a simple example of a one-particle quantum mechanical system 
transforming under a quantum group action the case of a q-deformed rotator, A = 
p{H) := p[U q (su(2))], with q G R + . We determine the twisted symmetry of the 
systems consisting of n > 2 particles of the same kind. 



5.1 n = 2 particles 

Let us first assume that the states of the system belong to an irreducible ^repre- 
sentation of H, namely Ji = Vj, where Vj denotes the highest weight representation 
of U q (su(2)) with highest weight j = 0, ~, 1, .... It is very instructive to find out 
what (Tt <8> H)± 2 and (^4 ® A)+ 12 in this example are. 

According to point 1. of the Drinfel'd theorem, we can identify U q (su(2)) and 
U(su(2)) as algebras; therefore, Vj can be thought as the representation space of ei- 
ther one. Similarly, Vj(g>Vj can be considered as the carrier space of a (reducible) rep- 
resentation space of either U q (su(2)) ®U q (su(2)) or U(su(2)) ®U(su(2)); moreover, 
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Fi2{Vj<S>Vj) = Vj®Vj. Thus, we can decompose it into irreducible components either 
of U q (su(2)) or U(su(2)), the operators on it being defined as p (2) (X) = p 02 [A(X)] 
or p { ^(X) = p 02 [A c (X)] respectively: 

{© ^l(j-l) ® © ^2(j-l)-l 
0<Kj v ; o</<i-i 
0<l<j 0<Kj-± 

here Vj (resp. Vj) denotes the irreducible component of U q (su{2)) (resp. U(su{2))) 
with highest weight J. Moreover, from point 2) of the theorem it follows 

F 12 Vj = V q j, (5.2) 

Let us recall now that the Vj's have well-defined symmetry w.r.t the permu- 
tation, namely V23, V2(j-i), • • ■ are symmetric, V23-1, V2.7-3, ••• are antisymmetric. 
This follows from the fact that p^\X) and P12 commute. Hence 

(Vj ® V^)+ = Vay-o (5.3) 
o</<i 

(y i ®y i )_= Vao-o-i. 
o<*<j-± 

From eq.'s ( |5.2j ), ( |5.4| ) we finally find 

(y. g, v^ 12 := F 12 (^- ® V,)+ = V^_q (5.4) 

o<i<j 

{Vj ® V]) ^ :=Fl2{Vj ® Vj) _ = v^ M . 

0<Kj-| 

This equation says that the subspaces Vj C Vj <g> Vj have well-defined "twisted 
symmetry". We can use it to build (Vj (g> Vj)± 12 recalling how the representations 
Vj are obtained. For this scope, we just have to recall the explicit algebra relations 
and coproduct of the generators h 1 X ± of U q (su{2)): 

[h.X*] = ±2X ± \X + ,X~] = ( i H - ( l h 

q-q- 1 

A(h) = l®h + h®l A(X ± ) = X ± ® qT* + q% ®X ± . (5.5) 

Let {\j, fn)}m=-j > i-j,...j be an orthonormal basis of Vj consisting of eigenvectors of 
p(§) with eigenvalues m. The generators X ± can be represented in terms of this 
basis in the following way 

p(X + )\j,m) = +m + l] q [j -m] q \j,m + 1), (5.6) 
p(X-)\j,m) = yj\j-m+l] q \j + m] q \j,m-l), (5.7) 
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where [x] q := q *~ q _* , As well known, the highest weight vector || J, J) E Vj — from 
which the whole representation Vj can be generated by repeated applications of 
p(2) (X~) — is obtained by solving the equation p^ (X + ) \\ J, J) — for the coefficients 
ah of the general ansatz 

min{j,J+j} 

\\J,J)= £ a h \j,h)®\j,J-h). (5.8) 

h=mnx{-j,J-j} 

Now we are ready to understand the difference between (H © H)+ 12 and its 
sub-algebra p^(H): 

pP>(E) 3 a:VS-VS, (5.9) 
(H®H)»> 3 b-.iV^V^^iV^V^. (5.10) 

The elements of [p(H) © p(H)] + \ p^(H) will in general map Vj out of itself, into 
some Vj, with J' ^ J. 

If Ti carries a reducible ^representation of H, it will be possible to decompose 
it into irreducible representations Vj, 

n=®Vj J C No/2 := {0±1...}; (5.11) 

then 

H©^= V^®^, (5.12) 

and each © V j2 itself will be a representation. If j 1 = j 2) the considerations above 
apply. If ji ^ j 2 , the irreducible components Vj (J = |ji - j 2 |, |ji - J2I + 1, • • • ,ji + 
j 2 ) contained in © V} 2 of course wi// no£ have well-defined symmetry (neither 
classical nor twisted) under permutations. However, the irreducible components Vj 
contained in Vj 2 © will be characterized by the same set of highest weights J. 
One can split Vj © Vj, and therefore Vj x © Vj 2 © Vj 2 © V^, into the direct sum of 
one (twisted) symmetric and one (twisted) antisymmetric components 

[V h © V j2 © V j2 © V h }2 2 = F l2 l -[1 ± P 12 ] [V n © V j2 © V j2 © (5.13) 

(the symbol F 12 has to be dropped in the untwisted case). Let {|| J, M)1 2 }m=-j,...,j 
be an orthonormal basis of Vj consisting of eigenvectors of p^(h) and of p^(C q ) 
(C q denotes the casimir), and let 

\\J,M)\ 2 := ]T C^£j 2 (J, M, 5) mi) \j 2 , m 2 ) (5.14) 

mi,m2 
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be the explicit decomposition of ||J, M)\ 2 in the tensor product basis of Vj 1 Vj 2 . 
Then the set {|| J, M)2 1 }m=-j,...,j with 

UM)l x := J2 C^%M M ^)\j2,rn 2 )\j 1 ,m 1 ), (5.15) 

mi, 1712 

will be an orthonormal basis of Vj consisting of eigenvectors of p^ 2 \h) and of the 
casimir p^ 2 \C q ) with the same eigenvalues. Defining 

\\J,M)l :=N(\\J,M) q 12 ±\\J,M) q 21 ), N' 1 :=V2 (5.16) 

we can easily realize that {|| J, M)±}j^ M is an orthonormal basis of (Vj 1 ®Vj 2 @Vj 2 <g> 

Note that, if j\ = j 2 = j and we set iV _1 = 2 in formula (|5.15| ), then the vectors 
|| J, M) q + will make up the sameorthonormal basis of Vj ® Vj as before(they will have 
twisted symmetry (— l)" 7-2 - 7 , see the previous case) whereas the vectors || J, M) q _ will 
vanish. 

We are now ready to find, as announced in sections |2], |], the "universal twisted 
permutator" P[ 2 12 of U q (su(2)), defined throughthe property that the twisted per- 
mutation operator Pf 2 12 on any tensor product V <8> V [V being the carrier space of 
a representation p whatever of U q (su(2))] can be obtained by P[ 2 12 = p® 2 (P[ 2 12 ). 

We decompose V (g> V as in formula ( |5.12| ). The casimir of U q (su(2)) 

( h + l -h-1 \ 2 

q \Z q q J j ( 5 - 17 ) 

has eigenvalues ([j + |] g ) 2 ; in the limit q — > 1: C g — > C c + |, where C c is the usual 
casimir of U(su(2)) with eigenvalues j(j + 1). Defining f(z) by 



log,[/(z)] := |r^y sinh 1 



(q-q l )yfz 



tn2 



1, (5.1* 



it is easy to verify that f(C q ) has eigenvalues q^ +l \ Let R := Pi 2 [p 02 (ft)]. Recall- 
ing the formula 1Z = ^lq^J^u, we realize that the vectors || J, M)± G (Vj 1 (g> V} 2 © 
V} 2 ® Vj^ 2 (j! ^ j 2 ) are eigenvectors of p® 2 [/(l ® C q )f(C q ® 1) [/(A^))]" 1 ] P 
and -P^ 12 with the same eigenvalue ±1. If ji = j 2 = j, the same holds for the vectors 
|| J, M)\ (which form a basis of Vj ® V}). Since this holds for all ji,j 2 appearing in 
the decomposition ( |5.12j ), and if we let ji,j 2 range on J the above vectors make up 
a basis of V ® V, then 

P[f = /(l ® p(C 9 ))f{p(C q ) ® 1) [/ (p (2) (C,))] _1 A (5.19) 
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on V ®V . We prefer to rewrite R as R = [p® 2 (72 2 i)]Pi2, where TZ 2 i = 7" (72.) and r is 
the abstract permutator. Since this equation holds for an arbitrary representation 
p, we can drop the latter symbol and obtain the 

Universal expression for the twisted permutation operator of U q (su(2)): 

Pf 2 12 = f(l C q )f(C q ® 1) [/(A(^))]- 1 K 2l o r (5.20) 
We omit here the well-known expression for the universal 1Z [|l| . 

5.2 n > 3 particles 

When n > 3, for any given space V the decomposition of ® n V into irreducible 
representations of the permutation group contains components with partial/mixed 
symmetry, beside the completely symmetric and the completely antisymmetric ones. 
If n — 3, for instance, some components can be diagonalized either w.r.t. to 
P 12 or w.r.t. P23 (but not w.r.t. both of them simultaneously). If n = 4, all 
components can be diagonalized simultaneously w.r.t. P 12 and P34, and some will 
have mixed symmetry (e.g. will be symmetric in the first pair and antisymmetric 
in the second, or vice versa). We recall that the explicit knowledge of components 
with mixed/partial symmetry is required to build (7i® n )± if the Hilbert space TC of 
one particle is the tensor product of different spaces, 7i = V ® V, as in example 2 
in subsection [4.2.1 . 

It is easy to realize that similar statements hold in the case of the twisted 
symmetry. 

Let us consider again the case Vj, and let n — 3 for the sake of simplicity. We 
show how to construct two different orthonormal bases of Vj<S>Vj<S> Vj with (partial) 
symmetry, and a continuous family of P123 on Vj (g> Vj <8> Vj. 

There is evidently only one irreducible representation with highest weight J = 
3j, the highest weight vector being \j,j)\j,j)\j,j)- But there are two independent 
irreducible representations with highest weight J — 3j — 1, e.g. those having highest 
weight vectors ^= - l)\j,j) ± \j,j)\j,j -l))\j,j). The latter are symmetric 
and antisymmetric respectively w.r.t. P12, but are mixed into each other by the 
action of P23; alternatively, one can combine these two representations into two new 
ones, having highest weight vectors - ± \j,j)\j,j ~ 1)), which 

12 The Young tableaus provide the rules for finding the complete decomposition for any n. 
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are symmetric and antisymmetric respectively w.r.t. P 23 , but are mixed into each 
other by the action of P\ 2 . One can easily verify that the first two representations are 
eigenspaces of pjp(C c ) ®id with eigenvalues (2j± |) 2 , the latter two are eigenspaces 
of id® (C c ) with the same eigenvalues. The operators p^(C c ), pf\h) and either 
pf^ (C c ) ® id or id ® p^ (C c ) make up a complete set of commuting observables over 
Vj ® V} ® V}. Let 

{|| J,M,r) 12 }j,M,r, [respectively: {\\J, M, s) 23 } J>MjS \, (5.21) 

with 

j <J < 3j, -J < M < J, max{0, j- J} < r, s < min{2j, j + J} (5.22) 

denote an orthonormal basis of eigenvectors of p^(C c ), p^(h) and p@>(C c ) ® 
[respectively: idCSp^Cc)] with eigenvalues J(J + 1), M and r(r + l) [respectively: 
s(s + 1)]. In particular, 

||3j - l,3j - l,2j - 1 ± l -) l2 = -L (| J;J _ i)| J;J ) ± l^j)^ j _ i)) | J;J ) 

||3j - l,3j - l,2j - i ± i) 23 = -^|j,j) (|j, j - l>b%J> ± \jJ)\j,J ~ !)) (5-23) 

It is easy to verify that in general the subspace of Vj ® V} <S> Vj which is anti- 
symmetric/symmetric w.r.t. P±2 is spanned by the vectors \\J, M, r)± 2 with r — 
min{2j, j + J} odd/even, and similarly for P 23 . 

For fixed J, M, there exists a unitary matrix Z7( J) such that 

\\J,M,s} 23 = U{J) sr \\J,M,r) 12 (5.24) 

Formulae formally identical to eqs. (|5.22|) , (|5.24 ) hold when g / 1; we will 
introduce an additional index q in all objects to denote this dependence. 
The elements of p^ (U q (su(2))) in these two bases read 

(EE E X M , M ,(J)\\J,M,r,q} 12 12 (J,M,r,q\\ 

n (3)(X) - I 3 r M ' M ' f5 25^1 

P I E E E X M MJ)UM,s,q) 2323 (J,M,s,q\\, 

{ J s M,M' 

and the matrix elements Xm,m'(J) do not depend on r, s. 

Now it is easy to check that we can find many-parameter continuous families of 
matrices Pi 23 satisfying eq. ( |4. 19| ) , in the form 

E E E A r ,r'(J) \\J,M, r, q) l2 12 (J, M, r', 1) || 
' 2i = S EEE^(J)||J,M, S ,g) 23 23 <J,M, (5 - 26) 

J M s 
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where A(J)'s are arbitrary unitary matrices and B(J) = [U(J,q)]*A(J)[U(J,q = 
1)] T . The key point is that the matrix elements A r y do not depend on M, whereas 
the matrix elements Xm,m> do not depend on r. 

It is easy to realize that the family (|5.26j ) interpolates between the two F matrix 



J r,r 



given in subsection [4.2. 1| , F[ 23 (if we set A r y = 8 r y) and F" 23 (if we set B r r < = 8 r 

Considerations analogous to those of subsection |5j] can be done for n > 3 when 
V is a reducible representation of U q (su(2)). 
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6 Appendix 



The following is a short summary of Hopf algebra notions relevant to the present 
article. For more detailed discussions of these topics the reader could e.g. consult 

Hopf algebras can be seen as an abstraction from group algebras and (universal 
enveloping algebras of) Lie groups. Taking part of the representation theory into 
their very definition, Hopf algebras achieve the unification of such diverse concepts. 

Mathematically, a Hopf algebra H is an algebra H(-,+,k) over a field k (typ- 
ically the field of complex numbers) with additional operations A, e, S called the 
coproduct, counit and antipode respectively, satisfying suitable axioms. 
The coproduct A is an algebra homomorphism, A : H — > H <8> H , that fixes the 
way representations are combined: Let p, p' be representations of H on some vector 
space. The tensor product p x p' of these representations is 

p x (J = (p®p) o A. (6.1) 

Let I G g C Ug be a Lie algebra element; its coproduct is nothing but the well- 
known angular-momentum addition rule 

A(Z) = Z® 1 + 1®Z. (6.2) 

(In the case of quantum groups coproducts are in general not symmetric (i. e. not co- 
commutative), see ( |5.5| ).) To take tensor products of more than two representations 
we have to apply the coproduct repeatedly. It does not matter which tensor factors 
get split again hereby, since the coproduct is co-associative 

(A ® if)A(x) = (id® A)A(x), Vx G H. (6.3) 

This property is nicely expressed in Sweedlers notation for the coproduct: (Vx G H) 

A(ar) = x m ® X(2) G H ® H (6.4) 
(A <g> a)A(x) = X(i) ® x (2 ) ® X(3) = (iZ ® A)A(x) & H ®H ®H (6.5) 

Note that (formal) sums of terms are implied in this notation. Expression flB.ip can 
now be written as: 

(P x P'){x) = P(x{i)) 8) p'(^(2))- (6.6) 
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The counit e gives the trivial (1-dimensional) representation: 

e : H -»• k, e(xy) = e(x)e(y). (6.7) 

It holds that 

• (e®id)A(x) = x = -{id® e)A(x), Wx G H, (6.8) 

i.e. e x p = p = p x e for all representations p. We have e(l) = 1, because 
A(l) = 1 ® 1, and e(l) = for I G g in example flOl) . 
The antipode S 1 is an anti-algebra map 

S:H^H, S(xy) = S(y)S(x), (6.9) 

that defines the contragredient representation p v to any given representation p: 
p y = p T o S ( T is the transpose). You may think of S as a generalized inverse. It 
holds that 

S(x(fi)x(2) = l-e(x)=xp)S(x(2)), Va; G H, (6.10) 
i.e. (p v ) T x p = e = p x (p v ) T , and 

A(5(x)) =S(x {2) )®S{x {1) ), e{S{x)) = e(x), Wx e H. (6.11) 

We have S(l) = 1 and S(l) = —I for I G g in example fl6.2|). 

Quasi-triangular Hopf-algebras are Hopf-algebras where the non-cocommutativity 
is under control by a "universal" 1Z G H <8> -ff such that 

^(2) ® a?(i) = ^(aJ(i) <£> zp))^ -1 , Vx G if, (6-12) 

and 

A^ = ft 13 ft 23 , A 2 TZ = 7e 13 7e 12 . (6.13) 

(The subscripts indicate tensor factors here — i.e. Aj = A <g> ii and = 
J2i,j a i ® a i ® G H ® H ® H, where 7?. = YJj a, ® fej, etc.) It is left as an 
exercise to the reader to show that ( |6.12| ) and ( p.l3| ) imply the so-called quantum 
Yang-Baxter-Equation 

n 12 n 13 n 23 = n 23 n 13 n 12 . (6.14) 

In section 4 we used the concept of quasi-Hopf algebras. These are in general 
non-coassociative Hopf algebras with an element $ G H ® H ® H such that 

(id® A)A(x) = $(A Oia)A(a;)<l>~ 1 , Wx e H. (6.15) 
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